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Fractional high-Cherninsulator in twisted
rhombohedral graphene
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The realization of fractional Cherninsulators opens the possibility of exploring
fractionally charged excitations'” and anyonic statistics
field. A central questionis whether lattice-based systems can give rise to radically new
states, distinct from those observed in traditional fractional quantum Hall systems

81lin the absence of a magnetic

12-20

Here we investigate a type of moiré flat-band system composed of Bernal bilayer
graphene and rhombohedral tetralayer graphene. We discover an unprecedented
richness of quantum anomalous Hall insulators with Chern numbers from |C|=1to

|Cl =7 atamoiré filling factor v=1and around v = 3. Remarkably, we observe an exotic
fractional Cherninsulator with C=7/3 around v =2/3, whichisbeyond all known
fractional Cherninsulators described by either the Jain sequence or current high-Chern
theory??. Our work expands the understanding of fractionally charged excitations
beyond the Landau-level basis and offers a moiré platform for exploring anyons.

Topological phases driven by strong interactions remain a central
focusin condensed-matter physics, offering routes to fractionalized
excitations and non-trivial quantum order beyond conventional band
descriptions. Fractional Cherninsulators (FCIs) represent a particu-
larly compelling class of such phases: lattice analogues of fractional
quantum Hall states that emerge in topological bands without net
magnetic flux’”. Their realization relies on a delicate interplay between
band geometry and interactions, making them a powerful platform
for exploring correlation-induced topology in engineered quantum
materials® %%, Although intrinsic FCIs have been experimentally
observed in different flat-band systems, including twisted molyb-
denum ditelluride (MoTe,)* ™ and rhombohedral graphene mul-
tilayers'®203°-32 most experimental efforts have focused on bands
with Chern number C=1. In contrast with the quantum Hall system,
aCherninsulator can host higher Chernnumbers, without introducing
additional degrees of freedom. Theoretical work suggests that bands
with a higher Chern number canstabilize richer fractional excitations
with Abelian states and non-Abelian orders®?. However, achieving
such states in experiment has remained elusive. High-Chern bands
typically feature more complex orbital textures and pronounced
Berry-curvature variations that challenge the formation of robust
fractional phases, and clear signatures of topological order—such as
quantized response and characteristic edge structure—have not yet
been established. Rhombohedral graphene has recently emerged as
an exceptionally promising platform for realizing FCIs'*2***3* and a
higher Chern band**°. Owing to its stacking order, rhombohedral
graphene naturally hosts flat bands with non-trivial Berry curvature,
providing the essential ingredients for stabilizing interaction-driven
topological states.

In this work, we introduce a moiré system composed of Bernal
bilayer graphene and rhombohedral tetralayer graphene. As shown
in Fig. 1a, Bernal bilayer graphene and rhombohedral tetralayer
graphene with twist angle 0 are sandwiched between two graphite
gates with hexagonal boron nitride (hBN) dielectric layers, forming
amoiré superlattice with lattice period A,,. The graphite gates enable
us to independently control the moiré filling factor v and D/g,, where
Dis the electric displacement field, and &, is the vacuum permittiv-
ity. Through a high-throughput fabrication method (Methods), we
have fabricated a series of twisted bilayer rhombohedral tetralayer
graphene (TBRTG) devices with twist angle 6 ranging from 1.28° to
1.38° (Extended Data Table 1). Our subsequent results mainly focus on
device D1with 8=1.38°. The non-interacting band structure is shown
inFig.1c,d, with the projectionillustrated in Fig. 1b. The parameter 4,
denotes the electrostatic potential energy difference between adjacent
graphene layers, defined as the energy change of an electron moving
fromthe upperlayer tothe lower layer.Inthe devices, 4, canbe tuned
continuously by the displacement field D/e,. As A, increases, the band
undergoes a topological transition from C =4 to C= 3. Figure 1f,g shows
the longitudinal resistivity p,, and the Hall resistivity p,, as a function
of the moiré filling factor v and the displacement field D/g, in device
D1, respectively. Thefilling factor vis carefully calibrated by magneto
transport measurement (Methods).

The phase diagram is asymmetric under positive and negative D
fields, consistent with absence of mirror symmetry inthe system (Sup-
plementary Figs.3 and 4). Moreover, rich correlation phenomena within
the flatbands are observed. Forinstance, acorrelated insulator similar
tomagic-angle graphene emergesatv = 2 (refs. 40,41). Interestingly, we
observe evenricher features near v =1and v =3. In these regions, the
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Fig.1| Topological flatband in TBRTG. a, Schematic of the TBRTG device,
inwhichrotationally misaligned Bernal bilayer graphene and rhombohedral
stacked tetralayer graphene with twist angle 6 are sandwiched between two
graphite gates with hBNinsulating spacer layers, forming a moiré superlattice
withlattice period A,,. V., top-gate voltage; V,,,, bottom-gate voltage.

b, Schematic of the Brillouin zone of TBRTG. The dashed arrows denote the
projection path. ¢,d, Non-interacting band structure of TBRTGat 6 =1.38°
obtained from continuum model with4,=10 meV (c)and4,=16.5meV (d),

longitudinal resistivity p,, shows minimums or even vanishes, whereas
the Hall resistivity p,, exhibits maximums, suggesting the presence of
topological states.

Displacement-field-modulated Cherninsulators

Figure 2a,b showsp,,and p,,near v =1measured in perpendicular mag-
neticfields of B, =+0.2 T, which are symmetrized or anti-symmetrized
accordingly (Methods). Inmost displayed Dfields, p,,tends to 0, and p,,
remains constantatv =1withvarying D field. When D/g,>0.75V nm™,
anew state emerges, showing minimal residual p,, and larger p,,. Fig-
ure 2c presents avertical linecut near v = 1taken from Fig. 2a. Notably,
thisstate at v =1canbe precisely quantized to p,, = h/4€”and p,, = h/3€’
under different D fields, where his the Plank constant, and eis the ele-
mentary charge. Figure 2f,g further shows p,, and p,, fromthe linecuts
marked by black and white dashed lines in Fig. 2a, respectively. Both
states exhibit vanishing p,, with p,, quantized to h/4e* and h/3¢€’, respec-
tively. Torule out the possibility of aconventional quantum Hall effect,
we have further investigated the behaviour of both states under varying
magneticfields; bothdisplay characteristics of the quantum anomalous
Hall effect**** (Fig. 2d,e). The C = 4 state shows an unprecedentedly
high critical temperature of T, = 8.5 K in graphene (Supplementary
Fig.6a). Unlike the C =4 state, which can be precisely quantized at zero
magneticfield, the C=3state requires amagneticfield of B, =100 mT to
achieve quantization, probabaly owing to domain fluctuations at zero
magnetic field that are commonly observed in graphene devices***.
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where 4, is the potential difference between adjacent graphene layers.
Thedarkredlinesrepresent the central flat conduction bands with their

valley Chernnumber denoted by C. e, Opticalimage of the fabricated sample,
which consists of device D1 (orange dashed rectangle) with twistangle 8 =1.38°
and device D2 (purple dashed rectangle) with twist angle 6 =1.37°.Scale bar,
5um. f,g, Symmetrized longitudinal resistivity p,. (f) and anti-symmetrized
Hallresistivity p,, (g) as functions of vand D/e, measured at perpendicular
magneticfield B, =+0.1 T and temperature 7=10 mK for device D1.

Figure 2h-k shows the Landau fan diagrams for the C=4 (Fig. 2h,i) and
C=3states (Fig. 2j,k). Both states follow the Stfeda formula and persist
at zero magnetic field. In summary, we observe Chern insulators with
C=4and C=3atv=1under lower and higher D fields, respectively,
whichis consistent with our Hartree-Fock calculations (Extended Data
Fig.2).Such C=4and C=3 Cherninsulators modulated by D field at
v=1canalsobeobservedindevices D2 (Extended DataFig.3), D3 (Sup-
plementaryFig.7), D4 (Supplementary Fig.8) and D5 (Supplementary
Fig.9) with non-interacting band calculations (Supplementary Fig. 5).

Cascades ofhigh-Cherninsulators

Near v =3, we observe a series of unprecedentedly rich high-Chern
insulators. Figure 3a shows p,, as a function of D/e,and vnearv =3,
with p,, showninFig. 3b. In the phase diagram, we can clearly identify
regionswhere the p,, vanishes, corresponding to constant values of p,,,.
Figure 3k quantifies the evolution of p,, and p,, along the red dashed
lineinFig. 3a. Aseries of Hall plateaus with |p,,| = h/e?, h/2€?, h/3e’, h/4€,
h/5€%, h/6€%, h/7€* can be distinguished, with each corresponding to
aminimal or completely vanishing p,,. We further summarize these
high-Chern insulator states in the schematic (Fig. 3c). To exclude the
possibility that these quantized Hall states originate from Landaulevels,
we performed measurements under amagnetic field. Figure 3d-j shows
the corresponding magnetic hysteresis loops for these states, all of
which exhibit aquantum anomalous Hall effect with precise quantiza-
tion. At high magnetic fields, these Cherninsulators show complex fan
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Fig.2|Displacement-field-modulated Cherninsulatorsatv=1.

a,b, Symmetrizedp,, (a) and anti-symmetrized p,, (b) as functions of vand
D/e,measured at perpendicular magnetic field B, = +0.2 Tand temperature
T=10 mKaroundv=1fordevice D1. Thered dashed lineis thelinecut forc.
The whitedashedlineis thelinecutfor f,handi. Theblack dashed lineis the
linecut forg,jand k. The yellow and cyan circles represent the positions for d
ande, respectively. ¢, Symmetrized p,, and anti-symmetrized p,, as functions
of D/gjatv=1.01and B, =+0.2 T.d,e, Hysteresis loop of symmetrized p,,and
anti-symmetrized p,, as functions of B, atv=1.01, D/, = 0.586 Vnm™ (d) and

diagrams (Fig.31and Extended Data Fig. 4f-1). These Cherninsulators
competeinthe phase diagram, distinctly differing fromthe traditional
Chern gap and neighbouring quantum Hall states.

Moreover, aclear phase boundary between positive and negative Hall
resistance canbeidentified in Fig. 3a,b. This boundary is dependent on
the scan direction of v when vis increased, the C < O region expands,
whereas the C > O region is favoured when vis decreased (Extended
Data Fig. 4a,b). This is also reflected in the fan diagrams, where dif-
ferent Cherninsulators are preferentially stabilized depending on
scan direction (Fig. 31 and Extended Data Fig. 4f-1). As aresult, a pro-
nounced hysteresis loop develops as afunction of v, manifesting as the
direction-dependent phase boundary in the Hall response (Extended
DataFig.4d,e). This behaviour reflects afirst-order transition between
competing valley-polarized states. The total magnetization receives
contributions from the spin magnetizationinduced by bulk carrier and
orbital magnetizationinduced by edge currents. The two components
compete as the carrier density is varied, and can lead to sign reversal
of total magnetization, driving valley switching to minimize Zeeman
energy**¢. Because the valley-polarized states are separated by an
energy barrier, the system can remain trapped in a metastable state

v=1.01,D/¢,=0.757 Vnm™(e). Thesolid (dashed) arrows represent the sweep
direction of the magnetic field from positive to negative (negative to positive).
f,g, Symmetrized p,,and anti-symmetrized p,,asafunctionofvatB, =+0.2T
forD/e,=0.707 Vnm™(f)and 0.757 Vnm™ (g). h-Kk, Symmetrized p,, (h,j) and
anti-symmetrized p,, (i,k) as functions of vand B, at D/, = 0.707 Vnm™ (h,i)
and 0.757 Vnm™ (j,k). Thered dashed lines indicate the p,, minimumand p,,
plateaus, which strictly follows the Stfeda formula C= h/e(0n/0B), where nis the
carrier density, and Bis the perpendicular magnetic field.

depending onthescan history of v, giving rise to the observed hyster-
esis and scan-direction dependence. Similar behaviour is observed
in devices D1 (Extended Data Fig. 5 and Supplementary Fig. 11) and
D5 (Supplementary Fig. 10), indicating that it is robust and intrinsic
to the system.

We further performed temperature-dependent measurements on
these Cherninsulator states and determined the energy gaps, ranging
from 4 =0.25 meV (for the C=-2 state) to 4 =1.63 meV (for the C=4
state) (Supplementary Fig. 6). However, the stateswithC=5,C= 6 and
C=7showcompletely anomalous temperature dependence (Fig.3m,n
and Extended Data Fig. 6). As the temperature increases, these states
deviate from quantization, yet show larger p,,. This unusual behaviour
suggests a different origin from traditional quantum anomalous Hall
states. Except for the C=4 state at v = 3, other states are continuously
distributed in the non-commensurate regions fromv=2.5tov=3.5.

Regarding the unusual temperature dependence of the high-Chern
states (C=5-7), we consider a possible scenario involving an anoma-
lous Hall crystal (AHC)*~°, in which the quantum anomalous Hall
effect coexists with spontaneous translation-symmetry breaking in
the form of charge density wave (CDW) order (Extended Data Fig. 7).
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Fig.3|Cascades ofhigh-Cherninsulatorsaround v=3.a,b, Symmetrized

Pxc (@) and anti-symmetrized p,, (b) as functions of vand D/, measured at
perpendicular magnetic field B, = +0.1 T and temperature 7=10 mK with
positive vsweeping direction for device D2. Thered and black dashed lines
represent thelinecuts forkand|, respectively. The coloured circlesrepresent
the positions for d-j. ¢, Schematic of the phase diagram of aand b, where the
Cherninsulators with different Chern numbers are highlighted. d-j, Hysteresis
loops of symmetrized p,,and anti-symmetrized p,, as functions of B, atv=2.56,
D/g,=0.506Vnm™(d),v=2.64,D/c,=0.494V nm™(e),v=2.77,D/c,=0.496 Vnm
(f),v=3.16,D/c,=0.514Vnm™(g),v=3.27,D/c,=0.498 Vnm ™ (h),v=3.28,

Insuchapicture, the systemnear v =3 canbe viewed as a partially filled
electron liquid (v'=v-3) ontop of arobust |C| =4 Chern-insulator
background. At low temperatures, this partially filled component
may freeze into a CDW state with enlarged periodicity, forming an
AHC withadditional quantized Berry curvature, yielding the observed
higher Chern numbers. Within this framework, the non-monotonic
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D/g,=0.482V nm™ (i),and v=3.28,D/s,=0.472V nm™ (j). k, Symmetrized p,,

and anti-symmetrized p,, as functions of v following the red dashed traceina.
The orange dashed lines indicate the positions of the turning points of the

red dashed line.l, Anti-symmetrized p,, and derivative of anti-symmetrized
pyonvasfunctionsofvand B, at D/g, = 0.475V nm™ with positive v sweeping
direction.m,n, Normalized and anti-symmetrized p,,at B, =0 Tasafunction of
temperature for devices D2 (m) and D1 (n) extracted from Extended DataFig. 6

and Supplementary Fig. 6. The colours represent Cherninsulators aroundv=3
with different Chern numbers.

evolution of p,, with temperature can be naturally understood. As
temperature increases, thermal fluctuations first weaken and melt the
CDW (AHC) order, reducing the additional Hall contribution from the
non-commensurate component and leaving the |C| = 4 state behind.
Thisleads toanapparentincrease in p,,beyond the low-temperature
quantized values. At higher temperatures, further suppression of
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spin-valley polarization destabilizes the Chern-insulator background,
leading to a dissipative metallic state with decreased p,, and increased
Py Consistent with this interpretation, we find that increasing the
excitation current, which effectively raises the electronic temperature,
produces a qualitatively similar two-step evolution in both p,, and
Py, (Supplementary Fig. 12). These observations support a picture
where the high-Chern states arise from the coexistence of a conven-
tional Chern insulator and an additional interaction-driven ordered
component. We note, however, that a quantitative understanding of
this mechanism requires further theoretical investigation beyond
the current work.

Fractional high-Chern insulator

More strikingly, we observe the behaviour of an FCl at v =2/3 in three
independent devices. Figure 4a-c shows p,, measured from devices
D2, D1and D5, as a function of v and D field. Figure 4d-f shows the
corresponding p,,. Near v =2/3, clear local minimumsin p,,and a
maximum in p,, can be resolved. This is clearly reflected in Fig. 4g-i,
which shows the linecut indicated by the horizontal dashed lines in
Fig. 4a-c. The local minimum of p,, near v=2/3 can be down to 3 kQ.
Importantly, the p,, is quantized to p,, = 3 h/7¢* with 99% accuracy,
indicating the formation of an FCl with C=7/3 (Fig. 4g-i). To further
verify this Chern number assignment, we performed Onsager recip-
rocal measurements, which also yield a Hall resistance consistent
with C=7/3 (Supplementary Fig.13). The FCl state further shows a typi-
cal anomalous Hall effect and decent quantization of p,, = 3 h/7€* with
an accuracy of more than 98% when B, >200 mT. To further confirm
the FClnature of this state, we measure its evolution at high magnetic
fields. AsshowninFig.4m-r,both p,,and p,, of the state strictly follow
the Stfeda formula corresponding to C=7/3. Notably, the observed
FCl state is unexpectably suppressed at high magnetic field, which
is possibly attributed to magnetic-field-induced distortion of band
geometry and has been observed in other moiré systems'®**, We also
performtemperature-dependent measurements onthe state (Extended
Data Fig. 8 and Supplementary Fig. 6), which exhibit clear activation
behaviour with approximately 0.51meVatB, =0.3T.

The observationof an FClstate with C=7/3 atv=2/3is highly intrigu-
ing. Such an interaction-driven fractionalized phase can occurina
topological flatband, although the Chern number C of the parent band
isnotyetsettled by current experiments and calculations—it could be
either C=3 or C=4. This phase is interesting because the many-body
Chernnumber C,;, = 7/3is not equal to vC, which would be 2 (for C=3)
or 8/3 (for C=4), placingit outside the single Landau-level paradigm.

Toillustrate the origin of the C=7/3 FCl state, we propose two pos-
sible mechanisms based on different parent bands.

The first proposed possible mechanism for this FCI phase is under
the assumption that the parent Chern number is C =3 (Extended Data
Fig.9a). Our key idea is that Hall conductivity o,, = (7/3)e?/h originates
from two groups of electrons: one with filling v =1/3 contributes
0, =2e?/h through /3 x /3 charge ordering, which spontaneously
breaks the discrete moiré translation symmetry*; the remaining
electrons, at filling v® =1/3, fractionalize to contribute 6,,” = (1/3)e?/h
via the conventional fractional quantum Hall mechanisminaC=1
topological band. More concretely, our mechanism assumes that the
C=3parent band is down-folded into a Chern structure (0, 1, 2) or
(1,0,2) (fromhighto low energy) when the real-space~/3 x +/3 charge
ordering occurs. Filling the lowest folded band occupies a filling of
v =1/3 and contributes a Hall conductivity of 0, = 2€?/h. Given this
charge ordering, integrating out these electronsyields arenormalized
topologicalband with C=1atfilling v® =1/3, which further fractional-
izesintoaLaughlinv=1/3FCI.

Another potential mechanismrelies on the C=4 parentband, which
can be effectively mapped to a four-layer C=1system via unit-cell
enlargement®>*% (Extended Data Fig. 9b). Specifically, a4 x 1 or
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2 x 2 charge order canfold the C=4bandinto four C=1bands, such that
original filling v=2/3 corresponds to v’ = 8/3 in the supercell. In this
picture, two C=1bands are fully occupied by v = 2and one C=1bandis
occupied by v’ @ =2/3, contributingto o,,'" = 2e2/hand 6,,* = (2/3)e?/h,
respectively. Toaccount for the total o,, = (7/3)e?/h, an additional con-
tribution 0, = -(1/3)e?/h is required. As detailed in Methods, this
negative contribution canarise fromneutral particle-hole excitations
betweenthetwo valleys carrying opposite Chern numbers. In particu-
lar, configurationsinvolving 1/8 particlesand1/8 holesin the two valleys
aredescribed by a Halperinwavefunction. Consequently, the resulting
state constitutes avalley-entangled topological phase, in which excita-
tions in the two valleys exhibit non-trivial braiding statistics.

So far, we cannot rule out other mechanisms and more system-
atic studies combining experiment and many-body calculations are
required.

Conclusion

We have observed a rich variety of both integer and fractional Chern
insulators in a moiré system composed of Bernal bilayer graphene
and rhombohedral tetralayer graphene. The C=7/3 state atv=2/3
is beyond the current theoretical framework for fractional quantum
Hall effects as well as the conventional high-Chern theory. In addi-
tion, we observe an unprecedented richness of quantum anomalous
Hall statesatv=1and v = 3.These high-Cherninsulators compete and
intertwine with each other, greatly expanding our understanding of
conventional band topology. Further experimental investigations,
incorporating additional tuning parameters such as twist angles and
layer numbers, are promising for exploring fractional charges and
potential non-Abelian anyons.
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Methods

Device fabrication

The devices consist of bilayer graphene and rhombohedral tetralayer
graphene encapsulated between two hBN flakes, with graphite used
asboththe top and bottom gate. Graphene and hBN (10-20 nm thick)
flakes were exfoliated onto oxygen-plasma-cleaned silicon dioxide/
silicon substrate. Bilayer and tetralayer graphene were identified by
their optical contrast with the substrate under a microscope, and the
rhombohedral region of tetralayer graphene was identified via aninfra-
redimaging technique’ and further confirmed by Raman spectroscopy.
After that, therhombohedral tetralayer graphene was segmented into
severalisolated pieces using afemtosecond laser (HR-Femto-Sci, with
a central wavelength of about 517 nm, a pulse width of about 150 fs,
repetition frequency of about 80 MHz and amaximum power of about
150 mW). A poly(isphenol A carbonate)/polydimethylsiloxane stamp
was used to first pick up an hBN flake, followed by the sequential pickup
of bilayer graphene and rhombohedral tetralayer graphene at con-
trolled twist angles. The assembled stack was then released onto a
pre-fabricated hBN/graphite gate substrate that had been cleaned by
the contact mode of an atomic force microscope. Finally, the top graph-
ite gate was subsequently aligned and transferred onto the stack after
cleaning the top hBN surface with an atomic force microscope. After
the transfer, Raman spectroscopy was used to verify that the tetralayer
grapheneretained rhombohedral stacking (Extended Data Fig.1c). The
samples were then patterned into Hall bar geometry by electronbeam
lithography andion etchedinatrifluoromethane/oxygen atmosphere.
Electrical connections were established by edge contact of chromium/
gold (5 nm/60 nm) electrodes.

Electrical transport measurement

Low-temperature transport measurements were performed in a dilu-
tionrefrigerator with abase temperature of approximately 30 mK for
all devices. Standard low-frequency lock-in techniques were used,
with gate voltages supplied by Keithley 2400 source meters and an
excitation current of 1nA at17.777 Hz generated using an SR860 lock-in
amplifier. The detailed contact configurations of the devices are shown
in Extended DataFig. 1d,f.

Twist-angle determination

By independently tuning the top- and bottom-gate voltages V,, and
Vie We control both the carrier density n and the electrical displace-
ment field D, whicharerelated throughn=(C,V,, + Cy.Vy)/eand D/e,=
(CigVig = CogVig)/2€0. Here, Cgand Gy denote the capacitances per unit
area of the respective gates, and are obtained from the slopes of the
Landau fan diagrams (Supplementary Fig. 1a,b). The twist angles are
inferred fromthe carrier density at filling factor v=4, and are consist-
entwith those independently obtained from Brown-Zakk oscillations
(Supplementary Fig. 1c-f).

Chern-number determination

The Chernnumbers are determined from the evolution of the longitu-
dinal resistance p,, with magnetic field. For each state, the positions of
the p,, minima or p,, maximum are identified as a function of carrier
density n and perpendicular magnetic field B,. The slopes of these
trajectories are extracted by linear fitting and are directly related to
the Chern number via the Stfeda formula, C= (h/e)0n/0B. In practice,
we perform linear fits to the p,, minima and determine dn/0B, from
whichthe corresponding Chernnumbers are obtained. Representative
fittings are shown in Supplementary Fig. 2.

Symmetrization and anti-symmetrization

Asthelongitudinal resistivity p,.and Hall resistivity p,, are expected to
be symmetric and antisymmetric with respect to the magnetic field B,
respectively, we symmetrize and anti-symmetrize the raw data as follows:

pOrlgmal(B v)+p0r|gmal( -B, V)

Sym
(B,v)= 5 ,

Original Original
pAntiSym(B V)= pxy Bv)- P (-B, V).

xy 4 2

Similarly, for the magnetic hysteresis measurement data, we applied
analogous symmetrization and anti-symmetrization procedures:

Original Original
Sym (B) _ pxx,Forward(B) p Backward( B)
P xx,Forward - 2 ’
Sym Sym —
pxx,Backward(B) ,D Forward( B)’
Original Original _
AntiSym (B) = pxy, Forward (B) ,0 Backward( B)
pxy,Forward 2
AntiSym __ AntlSym
pxy,Backward (B) xy Forward( B)

Continuum model and interaction

The free Hamiltonian I-70 of TBRTG consists of the kinetic energy of the
top and bottom layers H,, A}, amoiré coupling A, and the displace-
ment field A,. In the 7 = + valley, for both spins =1,

Ho=H,+Hy+H,+Hp

2
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rosaqsWithQ € Q(Q,) denotes anelectron of layerl € [1,2] ( € [1,4]),
sublattice a = A, B, valley n =, spins = 1,¥, in the top (bottom) stack.
Valley n and spin s together form a four-dimensional flavour space.
histhe reduced Plank constant, v; is the Fermi velocity of monolayer
graphene, and H.c. denotes the Hermitian conjugate. Inthe above, we
have wrltten Wrotars=ProuqfOrbrevity. The moiré Brillouin zoneis set
by ky= 9 o’ ,where 8=1.38°is the twnst angle,and a, = 0.246 nmisthe
graphene lattice constant. ay= 7 is the moiré lattice constant.
q,= kg(COS 2"(‘; D s'nZ"(‘; V) (d=1,2,3). The moiré reciprocal lattice is
spannedby b, =g, - q;and b,=q; - q,and Qy, = {m,b, + myb, ¥ qilmy, € 73,
respectively. We admit the parameters measured in ref. 57, that is,
hve=574 meV nm, y,=364 meV, y,=-6 meV, hv;=-0.037 hiv, hv, =
—0.047 hv;. w, =110 meV and u, = 0.8. We also define ¢y.¢ 0,60 = Yo e
for any moiré reciprocal lattice G.




The displacement field is modelled by

1
) 1:21 ([_ E) Qesz lpth.l,alpk,Q,l,a

where A, denotes the energy difference between adjacent layers.

The free Hamiltonian in the other valley n = — can be obtained by
the (spinless) time-reversal symmetry T, whichacts as Tx/)k'Q’IM'ST’1 =
w—k,—Q,l,a,ﬁ,s- R

Numerical results show that H, at AU = 0 meV has a direct gap of
approximately 1.8 meV and an isolated C=3 band above the charge
neutrality point (CNP). The CNP gap closes around 4,=3.25meV and,
as4,increases, reopens with anisolated C =4 band above the CNP. This
is consistent with the resistivity measurement (Fig. 1f,g) where a gap
closure happensatv=0, D/s,~0.18 Vnm™. As 4, further increases
across 15.35 meV, the gap between the first and second bands above
the CNP closes and reopens with changing the first band’s Chern num-
ber from4 to3.Inthe followingsection, our Hartree-Fock calculation
demonstrate afull spin-valley polarizationat v=1,and hence, one can
expectthe C=4 > 3transitiontobe observed atv=1. Also, suppose4,
in continuum model is proportional to experimental displacement
field D, the first gap closure with 4,= 3.25 meV, D/&, = 0.18 Vnm ' sug-
geststhatthe C=4 - 3transitionat4,=15.35 meVwould happen around
D/gy=0.78Vnm™and v=1. In Fig. 2¢, there is indeed a transition
between C=4and C=3 CherninsulatorsatD/c,~0.74 VnmZandv~=1,
which is remarkably close to the predicted position.

As shown in Supplementary Fig. 4a, the first conduction band with
|Cl =4 approximately satisfies the trace condition, which is known to
stabilize FCl states and to enable a mapping of the parent Chern band
onto|C|intertwined lowest Landau levels®. Motivated by this observa-
tion, we invoke the Landau-level analogy to propose the two possible
mechanisms for the observed FCl states discussed in the main text.

We also note that, as aconsequence of lacking mirror symmetry, the
first conductionband with D < 0, although it has anon-vanishing Chern
number per spinand valley, is more dispersive (Supplementary Fig. 4b).
Therefore, the Fock exchange interactionis not sufficiently dominant to
induce spinand valley polarization and to open aspectral gap with non-
vanishing Chern number. Thisis consistent with the observed metallic
region on the negative-D side over O <v <4 (Supplementary Fig. 3a).

We take the Coulomb interaction as the two-dimensiomal double-
gated form

2
. 1
ot T35 (1-3) 5, Wlashan

. _ 1 V@+0)
int_ZNM b -OM

Py _ T _ ~
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where Q= ga,f, is the area of a moiré unit cell, Vis the dual-gate-

screened Coulomb interection, g is the transfer momentum of

the interaction, and N, denotes the number of moiré unit cells.
€lgl

tanh* 4 . . .
V(g)= ngzugazl—mz, where is the distance between two metallic gates,

2
and U= %. By ref denotes the expectation value ofp‘q+G over the
reference state where all the non-interacting bands below the CNP is
occupied. Hence, §pis the density deviation from the reference-state
background. For a dielectric constant € = 6 and screening length
£=10 nm, we have U =24 meV.

Hartree-Fock calculations
We perform self-consistent Hartree-Fock calculations based on the
continuum model introduced above. For each valley n = + and spin

s=1,¥, weretain a subspace consisting of two non-interacting bands
above and one band below the CNP (including more bands will not
qualitatively change the results). The screened Coulomb interaction
I-AIint is projected into this subspace. As in most of the region we are
concernedwith (8 meV <4,<16 meV,0.40 Vnm™<D/g,<0.80 Vnm™),
the first band above CNP (per flavour) is well separated from other
bands, we refer to it as the active band. The bands further beyond the
CNPare called remote conduction bands, and the bands below the CNP
are called remote valence bands. Hence, our Hartree-Fock calculations
retain one remote valence band, one active band and one remote con-
duction band for each flavour (3 x 4 =12 bands in total).

We denote the non-interacting Bloch states as c,{,l,s(k)IO), where|0)
is the vacuum state and n € [1,3] is the band index. The Hartree-Fock
order parameter is the band- and flavour-resolved correlations
RIS (k) =4cpf . s(K) €y v (K))}, where(...) denotes the expectation
value of the occupied Hartree-Fock states under a given filling v. For
thereference state, we have (Riep) i * (k) = 8, 16, 0y, 105, - We discre-
tize the moiré Brillouin zone by a N, x N, mesh with N, =15 (larger N,
will not qualitatively change the results). A small Fermi-Dirac smearing
temperature ki T,y = kg X 30 mK = 0.0026 meVisintroduced to stabilize
convergence, chosen to be smaller than the typical single-particle level
spacingbetween adjacent k-points. Itisnoted that the smearing k; T,
is also consistent with the experimental temperature.

At each Hartree-Fock iteration, we compute the Hartree-Fock
self-energy Y [R], and the effective Hamiltonian H(k) = H,(k) + Y [R]
(k) = Y. (k), where Y .= Y[Rl accounts for the reference-state subtrac-
tion. We diagonalize H, (k) to obtain Hartree-Fock eigenvalues and
eigenvectors, update R(k) fromthe occupied Hartree-Fock states, and
iterate until convergence (mlgxl Riew(k) = Ryi4(k)| < 5 x107%). Inpractice,
we use linear mixing R < (1-A)R,4 + AR,.,,WwithA = 0.2 ateachiteration,
and the chemical potential u is adjusted to enforce the filling v under
smearing temperature kT ;.

To probe spontaneous symmetry breaking, we prepare the initial
state as flavour-symmetric ground state of the non-interacting system
with small random noise. The noise introduces aminor random flavour
polarization andintervalley coherence. We do not enforce time-reversal
symmetry, so that converged solutions can be Cherninsulators. After
convergence, we compute the total Chern number C of the occupied
active bands by the Fukui-Hatsugai-Suzuki method on the k-mesh. We
alsotrack flavour polarization and intervalley coherence by evaluating
the spin- and valley-resolved occupancies extracted from R(k).

Atv=1,wefind afully spin-valley-polarized Hartree-Fock ground
state (Extended Data Fig. 2a). At small displacement field (4 meV
<A,<15meV), the fully occupied active band has Chern number C= +4
when polarized to the +-valley. Upon increasing A, beyond a critical
value 4,,.=15.4 meV, the occupied active band switches to C=+3.
By comparing with the previous section of continuum model, where the
firstband above CNP has the same Chern numberinsimilar4,regions,
we can conclude that the topology of Hartree-Fock band inherits from
the non-interacting band.

At v=2, within the projected screened Coulomb interaction, the
Hartree-Fock energeticsis symmetricin the flavour space. We therefore
find amanifold of degenerate Hartree-Fock Slater determinantsatv=2:
occupying active bands of any 2 among the 4 flavours yields the same
Hartree-Fock energy within numerical accuracy, and the total Chern
number C=0 (+8) when the two flavours arein the opposite (same) val-
leys.Itisnoted that thereis no spontaneousintervalley coherence order
throughout our Hartree-Fock calculations. However, in real devices,
additional short-range intervalley exchange terms (Hund’s or anti-Hund’s
coupling) lift this degeneracy. Importantly, irrespective of the sign of
suchintervalley coupling, the energy is lowered when both valleys are
occupied, which selects avalley-unpolarized configurationand matches
the experimentally observed trivial insulator (C= 0) at v=2 (Fig. 1g).

Atv =3, the self-consistent solution (Extended Data Fig. 2c) can be
viewed as adding one extra spin-valley-polarized flavour ontop of the
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v=2background. The converged Hartree-Fock state remains polarized
and yields a total Chern number C = +4, consistent with experiment
over the explored displacement-field range.

At fractional fillings around v = 3, the experiment reports a series
of integer-Chern insulating states. As stated in the main text, for the
|C| > 4 states, the non-monotonic temperature dependence of p,, is
consistent with ascenarioinwhich aless stable AHC ontop ofa|C| =4
normal Chern-insulator background. We therefore view these states as
suggestive, although far from conclusive, evidence for the long-sought
AHC. Moreover, we conjecture that all the non-commensurate Chern
insulators may share a similar mechanism, in which, on top of the
background at the highest integer filling below v, spontaneous
translation-symmetry breaking reconstructs the partially filled |C| = 4
band and opens spectral gaps with different occupied Chern numbers.
However, a quantitative investigation of the mechanisms underlying
these non-commensurate Cherninsulatorsis beyond the scope of the
present work and is left for future study.

FClbased on C=4 parent band

Now we explain how neutral particle-hole excitations can generate
the required negative Hall conductance 0, = -1/3. We consider only
one of the two fully occupied C=1bands in the positive valley and an
empty C=-1bandinthe negative valley. We label the holesinthe C=1
bandand particlesinthe C=-1bandasw;sandzs, respectively. Asboth
quasiparticles experience an effective negative magnetic field, we can
write a Halperin state of the form

w=[1 G-z [l wi-wp)"

i<i’ i<’

1-B 1+B
[l -wpmexp| == 2l - == X lwl* |.
ij i J

Here Bis the external magnetic field, which is chosen parallel to the
C=1direction. As z;s and ws are from valleys with C=-1, 1, the corre-
sponding flat-band degeneracies (effective Landau-level degeneracy)
decreases and increases with respect to B, respectively.

To calculate the fillings and Hall conductance, we notice that |¢|?
can be interpreted as the partition function of a classical Coulomb
gaswith theenergy:

2n v +2nv2+2mv,y,-2(1- B)v,- 2(1+B)y,

where v,and v, are the densities of particles and holes, respectively.
Minimizing this energy gives

2 =(n m)*ll—B _ 1 (n —m) 1-B
\ m n 1+B) n?-m?\-m n J\1+B
The physical charge density is then given by

2
n-m

V=V,—V,=— B

The slope —ﬁ should give the required negative Hall conduct-
ance -1/3. We hence choose n=7,m=1.Inthe absence of the external
field B, the densities of both particles and holes equal L _1

n+m 8
This state is characterized by the K matrix

71
=17
with the t-vector t = (1, -1)”, where the two components represent the
electric charges for the particle and hole excitations.

Asboththe C=1and C=-1valleys host 4 layers, multiple Halperin-like
states can, in principle, account for the total filling v/ = 8/3 and Hall
conductance o,, = 7/3. Distinguishing them is difficult from the cur-
rent experimental data. Nevertheless, all such states are not fully
valley-polarized and exhibit non-trivial braiding statistics between
excitations in the two valleys.
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Extended DataFig.1|Structural characterization and optical micrographs
of TBRTG devices. a, Optical micrographs showing the bilayer graphene
andrhombohedral tetralayer grapheneregions after laser etching for device
D1,D2and D3.b, Optical image of the stacked devices D1, D2 and D3, where the
blue and red dashed boxes indicate the bilayer and rhombohedral tetralayer
graphene, respectively.c, Ramanspectraacquired from the locations marked

2600 2700 2800
Raman shift (cm™)

by the colored circlesmarkedinbande.d, Opticalimage of devices D1, D2 and
D3 after nanofabrication with measurement setup. The regions corresponding
toindependent devices are outlined by orange dashed squares. e, Optical
image of the stacked devices D4 and D5. f, Optical image of devices D4 and D5
after nanofabrication with measurement setup.
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Extended DataFig.2|Hartree-Fock calculationresults. a-c, Self-consistent theoccupiedactive HF band s (+, 1)-polarized withC=3.(c)vy=34,=11 meV:
HF band eigenvalues along the high symmetry line K,-I' - Min the moiré the 3 occupied active HF bands are partially polarized toward (+, 1), which can
Brillouin zone. The HF self-consistency is reached on a15 x 15 k-mesh while be decomposedinto anunpolarized two-band background plus one (+, 1)-
band eigenvalues are evaluated and plotted on a finer k-mesh. For all the HF polarized band, yielding C=4.d-f, Total Berry curvature Q(k) summed over
calculations, Ug=24 meV and k,T;;-= 0.0026 meV. The dashed horizontal line theoccupiedactive HF bands, and the dataare extracted from the same HF
indicates the Fermienergy. All the plotted bands are included in the HF calculations of (a-c), respectively. Note that, depending on theinitial conditions,
self-consistency. 4, is the potential difference between adjacent graphene the HF iteration can converge to other spin/valley-polarized solutions with
layers. (@) v=14,=13 meV:the occupied active HF band is polarized to the identical energies, indicating spontaneous breaking of time-reversal

flavor (valley i, spins) = (+, 1) and has Chernnumber C=4.(b)v=14,=16 meV: symmetry and spin SU(2) symmetry.
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Extended DataFig. 3 | Displacement field modulated Cherninsulators at
v=1for device D2.a-b, Symmetrized p,, (a) and anti-symmetrized p,, (b) as
functions of vand D/e, measured at perpendicular magnetic field B, =+0.1T

and temperature 7=10 mKaroundv=1.Thered dashedlineis thelinecut for c.

Theblack dashed lineis the linecut ford, handi. The orange dashed line is the
linecut for g. The cyan and yellow circles represent the positions fore and f
respectively. ¢, Symmetrized p,, and anti-symmetrized p,, as functions of D/g,
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atv=1.0land B, =+0.3 T.d, Symmetrized p,, and anti-symmetrized p,, as
functions of vatand 0.756 V/nm. e-f, Hysteresis loops of Symmetrized p,,and
anti-symmetrized p,, as functions of B, atv=1.02, D/s,=0.756 V/nm (e) and
v=1.02,D/e,=0.652V/nm (f). g, Symmetrized p,, and anti-symmetrized p,, as
functions of D/e,atv=2/3. h-i, Symmetrized p,, and anti-symmetrized p, as
functionsofvand B, at D/e,=0.756 V/nm. Thered dashed lines indicate the p,
minimaland p,, plateaus, which strictly follow the Stfeda formula C= h/e(dn/0B).
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Extended DataFig. 4 |See next page for caption.




Extended DataFig. 4 |Cascades of high Cherninsulatorsaroundv=3and
thehystereticbehavior for device D2. a-b, Symmetrized p,, (a) and anti-
symmetrized p,, (b) as functions of vand D/e, measured at perpendicular
magnetic field B, =+0.1 T and temperature T=10 mK with negative v sweeping
direction for device D1. The black and white dashed lines represent the
linecuts ford and erespectively. ¢, Schematic of the phase diagramof a-b,
where the Cherninsulators with different Chern numbers are highlighted.
d-e, Symmetrized p,,and anti-symmetrized p,, as functionsof vatB, =+0.1T
for D/e,=0.475V/nm (d) and D/e,= 0.508 V/nm (e) with v sweeping positively

(solidlines) and negatively (dashed lines). f, Anti-symmetrized p,, and derivative
of anti-symmetrized p, onvasfunctionsofvand B, at D/s,=0.475V/nmwith
negative vsweeping direction. g-h, Symmetrized p,, as functions of vand B,
atD/e,=0.475 V/nmwith positive (i) and negative (j) v sweeping direction.

i-j, Anti-symmetrized p,, and derivative of anti-symmetrized p,,onvas
functionsof vand B, at D/e,= 0.508 V/nm with positive (i) and negative (j)
vsweeping direction. k-1, Symmetrized p,, as functions of vand B, at
D/e,=0.508 V/nmwith positive (k) and negative (I) v sweeping direction.
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Extended DataFig. 5| Phase diagram and complex fan diagram ofhigh
Cherninsulators around v=3fordeviceD1. a-d, Symmetrized p,, (a, c)

and anti-symmetrized p,, (b, d) as functions of vand D/s, measured at
perpendicular magnetic field B, = +0.1 Tand temperature 7=10 mK with
positive (a-b) and negative (c-d) v sweeping direction for device D2. The black
dashed linesrepresent the linecuts for gand h. e-f, Schematics of the phase
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diagram of a-b (e) and c-d (f), where the Cherninsulators with different Chern
numbersare highlighted. g-h, Anti-symmetrized p,, and derivative of anti-
symmetrized p,,onvasfunctions of vand B, at D/e,=0.508 V/nmwith
positive (g) and negative (h) vsweeping direction. i-j, Symmetrized p,, as
afunctionofvand B, at D/e,= 0.508 V/nm with positive (i) and negative

(j) vsweeping direction.



Hallresistance nearv=3atselected displacement fields for device D1.

a-c, Anti-symmetrized p,, hysteresis loops measured at various temperatures

forv=3.23atD/e,=0.503 V/nm,v=3.29 at D/c,=0.484 V/nm,andv=3.29 at
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Extended DataFig. 6 | Magnetic hysteresis and temperature evolution of

D/e,=0.474 V/nm.d-f, Corresponding Symmetrized p,, hysteresis loops
acquired under the same conditions. g-i, Temperature dependence of p,, at
B, =0T, whichshows apronounced saturation trend as the temperature
decreases.
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Extended DataFig.7|Conceptualillustration of cascades of Chern
insulators around v=3. A partially filled electron liquid (v’ =v - 3) with broken
translationsymmetry and quantized Berry curvature (Anomalous Hall crystal)
isontop of arobust |C| =4 Cherninsulator background.



a oy ()

c 5
12 A,=0.016£0.001 meV
1 .
R 3
_08 g s \i.
< = x 'Y
o6 % % ’
Q Q .
0.4 e
\\ L] o
02 ‘ N .
1 3 1 “I 1
0.6 0.8 0 5 10
b 1T (K
d e 06 f 10
——0.03K——0.3K ——0.8K — A s . o
— AT 1) — ?zgiK ggﬁ_ggﬁ | 44=0.041£0.002 meV
= )
g A
? L]
& *‘
‘e
*
\ L]
‘\ L4 L]
1 1 1 02 1 1 Il 2 1 1 ‘\ 1 1 1
-300  -150 0 150 300 2300 -150 0 150 300 0 5 10
B, (mT) B, (mT) 1T (K

Extended DataFig. 8 | Temperature dependence and thethermalactivation  atB, =0.1T.d-e, Magnetic hysteresisloops of anti-symmetrized p,, (d) and
gap of the FCl state for device D2. a, Colormap of symmetrized p,, (measured symmetrized p,, (e) measured at different temperatures forv=2/3 atD/e,=
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Article

a b
K
Cc=0 c=1
v=0 Downfold by V' =0
Downfold by - -—---- 1 4x1lor2x2 1
3 x/3 unfold C=4 = K'
Cc=3 \/_X\/_ C= Cc=1 | — V= 2/3 — 3
— — » ) — 1/3 I C——1
b g I ...if_L v=1/8
m—————-- = Llawiingsro v=7/8
1 C=2
v = 1/3 —— 1 C=1
I I Yy =] A ———
I Anomalous Hall I
1 Crystal =

0, =(1/3)e’/h.b, The C= 4 parent band is mapped to four-layer C=1bands.
Two C=1bandsare fully occupied by v’ =2, contributing to g, = 2e?/h.
Another C=1bands is occupied by v’ ® =2/3, contributing to 0,,%’ = (2/3)e?/h.
Theremainingo,,” = (-1/3)e?/his obtained by electron- hole excitation
distributed over the two valley, which is described by a Halperin wavefunction.

Extended DataFig. 9 |Possible mechanisms of the formation ofthe C=7/3
fractional Cherninsulatoratv=2/3.a, The C=3 parentbandis downfolded
intoa Chernstructure (0,1,2) or (1,0, 2). The lowest folded band with C=2is
filled by v =1/3 and contributes a Hall conductivity o, = 2e*/h. The remained
electronswith filling v =1/3 occupies the C=1band and fractionalize intoa
Laughlin C=1/3fractional Cherninsulator and contributes a Hall conductivity




Extended Data Table 1| Device summary

Device Twist Moiré FClI at Displacement  Cascades of
angle (°) wavelength v=2/3 field Chern
(nm) with modulated insulators
c=7/3 Chern around
insulators at v=3
v=1
D1 1.38 10.19 Yes C=34 |C| =2-7
D2 1.37 10.29 Yes C=34 |C| =1-7
D3 1.35 10.41 No C=34 No
D4 1.28 11.04 No C=34 No
D5 1.37 10.28 Yes C=34 |C| =2,4-5

The twist angles, inferred from the carrier density at filling factor v=4 are determined after gate capacitances are calibrated through Landau
Fan diagrams. The moiré wavelength is calculated from the twist angles. Devices showing (not showing) fractional Chern insulators are
noted as Yes (No).
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